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Idris [Brady 2014]

best-effort
Hybrid type checking [Flanagan 2006] GraTen [Hattori, Sato, & Kobayashi 2023]

𝖵𝖾𝖼 n 𝖳𝖾𝗇𝗌𝗈𝗋 [l, m, n]

{ν : 𝖳𝖾𝗇𝗌𝗈𝗋 ∣ 𝗅𝖾𝗇(ν . 𝗌𝗁𝖺𝗉𝖾) = 3}



Idris [Brady 2014]

best-effort
Hybrid type checking [Flanagan 2006] GraTen [Hattori, Sato, & Kobayashi 2023]

SMT

𝖵𝖾𝖼 n 𝖳𝖾𝗇𝗌𝗈𝗋 [l, m, n]

{ν : 𝖳𝖾𝗇𝗌𝗈𝗋 ∣ 𝗅𝖾𝗇(ν . 𝗌𝗁𝖺𝗉𝖾) = 3}



[Davies 1996] [Taha & Sheard 1997]
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assertion failure

assertion failure
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let repeat_and_add {n : Nat} (u : Vec n) (v : Vec (2 * n)) = 
  vadd (vconcat u u) v

repeat_and_add [| 10, 20, 30 |] [| 4, 5, 6, 7, 8, 9 |]

u

u

v

n

n

+(u, v) ↦



let repeat_and_add {n : Nat} (u : Vec n) (v : Vec (2 * n)) = 
  vadd (vconcat u u) v

repeat_and_add [| 10, 20, 30 |] [| 4, 5, 6, 7, 8, 9 |]

{n : Nat}

implicit

n (2 * n)

u

u

v

n

n

+(u, v) ↦



let repeat_and_add {n : Nat} (u : Vec n) (v : Vec (2 * n)) = 
  vadd (vconcat u u) v

vadd : {k : Nat} -> Vec k -> Vec k -> Vec k

vconcat : {k1, k2 : Nat} -> Vec k1 -> Vec k2 -> Vec (k1 + k2)

u

u
v

n

n

+(u, v) ↦

Vec (n + n) Vec (2 * n)



let repeat_and_add {n : Nat} (u : Vec n) (v : Vec (2 * n)) = 
  vadd (vconcat u u) (rewrite mult_by_2_eq_add_self n in v) 

theorem mult_by_2_eq_add_self (k : Nat) : 2 * k = k + k 
proof 
   
end

⋯

rewrite mult_by_2_eq_add_self n in

theorem mult_by_2_eq_add_self (k : Nat) : 2 * k = k + k 
proof 
   
end

⋯
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u

u
v

n

n

+(u, v) ↦



let repeat_and_add {n : Nat} (u : Vec n) (v : Vec (2 * n)) = 
  vadd (vconcat u u) ((Vec (2 * n) == Vec (n + n)) v)  Vec (2 * n) => Vec (n + n)⦇ ⦈

  Vec (2 * n) -> Vec (n + n) 
  assert (2 * n == n + n); (λx. x)

u

u
v

n

n

+(u, v) ↦



assertion

assertion
DNN

assertion

ass
erti

on

ass
erti

on
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assertion 

failure!

let repeat_and_add {n : Nat} (u : Vec n) (v : Vec (2 * n)) = 
  vadd (vconcat u u) ((Vec (2 * n) == Vec (n + n)) v)  Vec (2 * n) => Vec (n + n)⦇ ⦈

u

u
v

n

n

+(u, v) ↦

[Davies 1996] [Taha & Sheard 1997]



assertion



assertion



2
MetaML [Taha & Sheard 1997]

e ::= x ∣ e e ∣ λx. e ∣ ⋯ ∣ ⟨e⟩ ∣ ∼e

bracket 
(quote)

escape 
(unquote)

stage 1 stage 0 e Stage 0 
≈ 

Stage 1 
≈ 

stage 0 CBV

∼ ⟨ ⟩

⟨e⟩
e

τ ::= τ → τ ∣ ⋯ ∣ ⟨τ⟩



assertion



Assertion

λ

u

u
v

n

n

+(u, v) ↦

let repeat_and_add = λ{n : Nat}. λ(u : Vec n). λ(v : Vec (2 * n)). 
  vadd 
    (vconcat u u) 
    ( Vec (2 * n) => Vec (n + n)  v)⦇ ⦈



u

u
v

n

n

+(u, v) ↦

let repeat_and_add = λ{n : Nat}.  λ(u : Vec %n). λ(v : Vec %(2 * n)). 
  ~(gen_vadd {n + n}) 
    (~(gen_vconcat {n} {n}) u u) 
    ~(  Vec %(2 * n)  =>  Vec %(n + n)    v )⦇ ⦈

let repeat_and_add = λ{n : Nat}. λ(u : Vec n). λ(v : Vec (2 * n)). 
  vadd 
    (vconcat u u) 
    ( Vec (2 * n) => Vec (n + n)  v)⦇ ⦈

Assertion



let repeat_and_add = λ{n : Nat}. λ(u : Vec n). λ(v : Vec (2 * n)). 
  vadd 
    (vconcat u u) 
    ( Vec (2 * n) => Vec (n + n)  v)⦇ ⦈

assertion stage 0
stage 1

u

u
v

n

n

+(u, v) ↦
Assertion



assertion

2 * n n + n
n stage 0

assertion ∼ ⟨ ⟩

u

u
v

n

n

+(u, v) ↦

let repeat_and_add = λ{n : Nat}. λ(u : Vec n). λ(v : Vec (2 * n)). 
  vadd 
    (vconcat u u) 
    ~(  Vec (2 * n)  =>  Vec (n + n)    v )⦇ ⦈~

Assertion



let repeat_and_add = λ{n : Nat}.  λ(u : Vec %n). λ(v : Vec %(2 * n)). 
  vadd 
    (vconcat u u) 
    ~(  Vec %(2 * n)  =>  Vec %(n + n)    v )

λ{n : Nat}.  

⦇ ⦈

Vec %n stage 1 n stage 0
% cross-stage persistence [Taha+ 2000]

repeat_and_add

n ↦ ⟨ ⟨
u

u
v

n

n

+(u, v) ↦

u

u
v

n

n

+(u, v) ↦
Assertion



vadd vconcat
gen_vadd gen_vconcat

•  
– Returns    (if  ) 

•  
– Produces     (where )

𝗀𝖾𝗇_𝗏𝖺𝖽𝖽 : {k : 𝖭𝖺𝗍} → ⟨𝖵𝖾𝖼 %k → 𝖵𝖾𝖼 %k → 𝖵𝖾𝖼 %k⟩
𝗏𝖺𝖽𝖽k : 𝖵𝖾𝖼 k → 𝖵𝖾𝖼 k → 𝖵𝖾𝖼 k k ≥ 0

𝗀𝖾𝗇_𝗏𝖼𝗈𝗇𝖼𝖺𝗍 : {k : 𝖭𝖺𝗍} → {l : 𝖭𝖺𝗍} → ⟨𝖵𝖾𝖼 %k → 𝖵𝖾𝖼 %l → 𝖵𝖾𝖼 %(k + l)⟩
𝗏𝖼𝗈𝗇𝖼𝖺𝗍k,l : 𝖵𝖾𝖼 k → 𝖵𝖾𝖼 l → 𝖵𝖾𝖼 m m := k + l

let repeat_and_add = λ{n : Nat}.  λ(u : Vec %n). λ(v : Vec %(2 * n)). 
  ~(gen_vadd {n + n}) 
    (~(gen_vconcat {n} {n}) u u) 
    ~(  Vec %(2 * n)  =>  Vec %(n + n)    v )⦇ ⦈

gen_vadd {n + n}
gen_vconcat {n} {n}

u

u
v

n

n

+(u, v) ↦
Assertion



[| 14, 25, 36, 17, 28, 39 |]

let repeat_and_add = λ{n : Nat}.  λ(u : Vec %n). λ(v : Vec %(2 * n)). 
  ~(gen_vadd {n + n}) 
    (~(gen_vconcat {n} {n}) u u) 
    ~(  Vec %(2 * n)  =>  Vec %(n + n)    v )⦇ ⦈

 (λ(u : Vec %3). λ(v : Vec %6). vadd6 (vconcat3,3 u1 u2) v) 
    [| 10, 20, 30 |] 
    [| 4, 5, 6, 7, 8, 9 |]

2 * 3 == 3 + 3

 ~(repeat_and_add {3}) [| 10, 20, 30 |] [| 4, 5, 6, 7, 8, 9 |]



assertion



elaboration

assertion

Γ ⊢ M1 : 𝖵𝖾𝖼 N11 → T Γ ⊢ M2 : 𝖵𝖾𝖼 N2 ⊨ ∀Γ . N2 = N11

Γ ⊢ M1 M2 : T

Γ ⊢ M1 : (𝖵𝖾𝖼 % N11 → T ) ↝ E1 Γ ⊢ M2 : 𝖵𝖾𝖼 % N2 ↝ E2

Γ ⊢ M1 M2 : T ↝ (E1 ∼((|⟨𝖵𝖾𝖼 % N2⟩ ⇒ ⟨𝖵𝖾𝖼 % N11⟩ |) ⟨E2⟩))

let repeat_and_add = λ{n : Nat}.  λ(u : Vec %n). λ(v : Vec %(2 * n)). 
  ~(gen_vadd {n + n}) 
    (~(gen_vconcat {n} {n}) u u) 
    ~(  Vec %(2 * n)  =>  Vec %(n + n)    v )  Vec %(2 * n)  =>  Vec %(n + n)  ⦇ ⦈

let repeat_and_add = λ{n : Nat}.  λ(u : Vec %n). λ(v : Vec %(2 * n)). 
  ~(gen_vadd {n + n}) (~(gen_vconcat {n} {n}) u u) v

2 compatible



B ::= 𝖡𝗈𝗈𝗅 ∣ 𝖨𝗇𝗍 ∣ 𝖭𝖺𝗍𝖫𝗂𝗌𝗍 ∣ ⋯
T (1) ::= B ∣ T (1) → T (1) ∣ 𝖳𝖾𝗇𝗌𝗈𝗋 %M(0)

T (0) ::= {x : B ∣ M(0)} ∣ ⟨T (1)⟩ ∣ (x : T (0)) → T (0) ∣ {x : T (0)} → T (0) ∣ ⋯

stage 0

M(0) ::= ⋯ ∣ (|⟨T (1)⟩ ⇒ ⟨T (1)⟩ |) ∣ (| ⇒ {x : B ∣ N(0)} |)

𝖵𝖾𝖼 %M(0) := 𝖳𝖾𝗇𝗌𝗈𝗋 %[M(0)]

assertion:



B ::= 𝖡𝗈𝗈𝗅 ∣ 𝖨𝗇𝗍 ∣ 𝖭𝖺𝗍𝖫𝗂𝗌𝗍 ∣ ⋯
T (1) ::= B ∣ T (1) → T (1) ∣ 𝖳𝖾𝗇𝗌𝗈𝗋 %M(0)

T (0) ::= {x : B ∣ M(0)} ∣ ⟨T (1)⟩ ∣ (x : T (0)) → T (0) ∣ {x : T (0)} → T (0) ∣ ⋯

M(0) ::= ⋯ ∣ (|⟨T (1)⟩ ⇒ ⟨T (1)⟩ |) ∣ (| ⇒ {x : B ∣ N(0)} |)

𝖵𝖾𝖼 %M(0) := 𝖳𝖾𝗇𝗌𝗈𝗋 %[M(0)]

stage 0  
broadcasting

 
                               
𝖳𝖾𝗇𝗌𝗈𝗋.𝗀𝖾𝗇_𝖺𝖽𝖽 : {s1 : 𝖭𝖺𝗍𝖫𝗂𝗌𝗍} → {s2 : {ν : 𝖭𝖺𝗍𝖫𝗂𝗌𝗍 ∣ 𝖻𝗋𝗈𝖺𝖽𝖼𝖺𝗌𝗍𝖺𝖻𝗅𝖾 s1 ν}} →

⟨𝖳𝖾𝗇𝗌𝗈𝗋 %s1 → 𝖳𝖾𝗇𝗌𝗈𝗋 %s2 → 𝖳𝖾𝗇𝗌𝗈𝗋 %(𝖻𝗋𝗈𝖺𝖽𝖼𝖺𝗌𝗍 s1 s2)⟩

stage 0

assertion:



Metatheory

Theorem. (Preservation).   and   imply .Γ ⊩n N(n) : T (n) N(n) ⟶n N′￼
(n) Γ ⊩n N′￼

(n) : T (n)

Theorem (Soundness of Insertion).    implies .Γ ⊢n M(n) : T (n) ↝ N(n) Γ ⊩n N(n) : T (n)

Theorem. (Progress).  If  and , then one of the following holds: 
(1)  is a value, (2) , or (3)  for some .

⊢1 Γ Γ ⊩n N(n) : T (n)

N(n) N(n) ⟶n 𝖾𝗋𝗋 N(n) ⟶n N′￼
(n) N′￼

(n)

βη 
common subexpression reduction (CSR) [Greenberg 2013] [Sekiyama+ 2017] 

≡n

Theorem. (Generated code is “simply-typed with infinite num. of base types”). 
If ,  , and  , then there exists    such that 

  and  .
⊢wf Γ Γ ⊩1 v(1) : T (1) Γ ≡1 γ τ(1)

γ ⊢ v(1) : τ(1) T (1) ≡1 τ(1)

τ(1) ::= B ∣ 𝖳𝖾𝗇𝗌𝗈𝗋 %[n, …, n] ∣ τ(1) → τ(1)γ ::= ⋅ ∣ γ, x : τ(1)



Horsea

 [Jones+ 1993] [Davies 1996]

implicit best-effort
“Let Arguments Go First” [Xie & Oliveira 2018]

bidirectional type-checking [Dunfield 2013]

let repeat_and_add {n : Nat} (u : Vec n) (v : Vec (2 * n)) = 
  vadd (vconcat u u) v

 ~(repeat_and_add {3}) [| 10, 20, 30 |] [| 4, 5, 6, 7, 8, 9 |] {3}

(~(gen_vconcat {n} {n}) u u) {n} {n}



assertion



Haskell
– https://github.com/gfngfn/Horsea 

ocaml-torch 10

90% implicit

Program #lines inferred/all #annots
char_rnn/char_rnn.hrs 118 37 /  39 12
gan/mnist_cgan.hrs 154 55 /  59 5
gan/mnist_dcgan.hrs 195 106 / 112 4
gan/mnist_gan.hrs 142 47 /  51 4
jit/load_and_run.hrs 17 3 /   5 0
min-gpt/mingpt.hrs 321 96 / 108 17
mnist/conv.hrs 72 25 /  28 3
mnist/linear.hrs 29 20 /  20 1
pretrained/finetuning.hrs 89 35 /  45 6
pretrained/predict.hrs 77 5 /   8 0

https://github.com/gfngfn/Horsea


assertion



metatheory

broadcasting

broadcasting



List.filter

A B
AB



property-based testing

assertion failure



LMS-Verify [Amin & Rompf 2017]

assertion

• GraTen [Hattori, Sato, & Kobayashi 2024] 
best-effort

broadcasting assertion

• Idris 2 [Brady 2021] 
QTT [Atkey 2018] multiplicity

interoperability



Horsea

implicit best-effort
bidirectional type-checking

Haskell

–  https://github.com/gfngfn/Horsea

https://github.com/gfngfn/Horsea

